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Abstract 

Group-theoretic arguments are used to determine the dependence of two- 
point correlators of quark bilinears on the current quark masses. The leading 
difference between it and 5 correlators is found to be of order rn s times a U(1) A - 
violating correlator. These general arguments are consistent with Schaefer’s 
observation that if U(l)^ violation persists to high enough temperatures then 
the strange g can be lighter than the non-strange one. 

At high temperatures the SXJ(Nf) L xSXJ(Nf) R chiral symmetry of QCD (with Nf flavors 
of light quark) is believed to be broken only by the nonzero current quark masses. The 
nature of this phase is of considerable interest, in particular because of its relevance to 
ultrarelativistic heavy-ion collisions and the early universe. One aspect of this phase that 
has received recent interest M is the role of the anomalously broken U(1) A symmetry at 
high temperatures. Because of this anomaly, topological features of the QCD vacuum split 
the rf from the pion in the low-temperature phase [§. This question, currently being studied 
using lattice-gauge simulations of two-flavor QCD by a number of groups PHT^j, is whether 
these topological features persist above the QCD phase transition. 
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The possible role of U(1) A symmetry breaking can be studied by looking at correlation 
functions of composite operators constructed from quark and gluon fields and comparing 
ones that are related by U(1) A symmetry (and perhaps also SU (Nf) L xS\J (Nf) R symmetry). 
All observable manifestations of anomalous U(1) A symmetry breaking should be reflected 
in the behavior of these correlation functions. Shuryak has suggested that, as well as the 
SU (Nf) L xSU (Nf) R symmetry, U(1) A symmetry might also be restored in the high temper¬ 
ature phase in the sense that no U(1) A -violating effects would be found in the correlation 
functions [|l]]. 

In a recent paper 0, we pointed out that in the limit of exact SU (N /) L xSU (N/) R chiral 
symmetry, this symmetry strongly constrains the ways in which U(1) A violation can manifest 
itself in the high-temperature phase. In particular it requires that all n-point correlation 
functions of quark bilinears are invariant under U(1) A transformations provided n < Nf. 
This means all two-point correlation functions are U(l) A -invariant for Nf > 2. This point 
had previously been noted within the context of the instanton liquid model 0 and under 
assumptions corresponding to a dilute instanton gas [3,0 • The symmetry argument shows 
that the result is general and does not depend on any particular picture for the topological 
aspects of the QCD vacuum that generate the nonperturbative U(1) A anomaly. 

So far we have been discussing only the chiral limit of QCD, whereas in reality the 
SU (Nf) L xSU (Nf) R symmetry is explicitly broken by the current quark masses. It is thus 
not immediately clear how relevant these symmetry arguments are to a world with two light 
and one moderately light quark flavors @. In the present note we extend our arguments 
of Ref. to the case of broken chiral and SU(3) symmetries. The crucial feature for this 
analysis is that sufficiently far above the phase transition, or crossover region, it should 
be possible to make a perturbative expansion of correlators in powers of the current quark 
masses. If the effects of U(1) A violation persist up to such temperatures then they can only 
be visible in correlators of quark bilinears in the ways described here. These results should 
eventually be useful for interpreting lattice simulations of three-flavor QCD with two light 
and one heavier flavor of quark. They can also be used to understand, for example, the 


2 


results of instanton liquid calculations 0 . 

In the restored phase of SXJ(Nf) L xSXJ(Nf) R with zero quark masses, the only non¬ 
vanishing vacuum correlators are SU(IV/) I ,xSU(./V/) R singlets that are also even under parity. 
Even when current quark masses are included, we can still use this idea provided we restrict 
our consideration to temperatures that are sufficiently far above the crossover region. In 
this situation we can make an expansion of any correlator of quark bilinears in powers of 
the quark masses. Each of the terms in such an expansion is itself a correlator of quark 
bilinears. For example, at first order in m s the two-point correlator between quark bilinears 
with the quantum numbers of pions, (g(a;) 275 Tig (a?) < 7 ( 0 ) 275 ^( 0 )), contains the three-point 
correlator 


m 


Jd\j {q(x)i^T 1 q(x) g( 0 ) 27 5 Tig( 0 ) s(y)s(y)), 


( 1 ) 


where the expectation value is taken in an SU(AT/) £ xSU(./V/) fl -invariant vacuum. This 
correlator can then be expressed in terms of SU(Nf) L xSU(Nf) R singlets as described in 
Ref. j5|. Similarly for a correlator of n bilinears, a term of m-th order in the quark masses 
can be related to singlets constructed out of n + m bilinears. In the case of three flavors, 
this analysis leads to some nontrivial conclusions which are relevant to the study of U(1) A 
violation in high temperature QCD. 

To derive such relations, it is convenient to consider the partition function for QCD in 
the presence of scalar and pseudoscalar sources S a (x) and P a (x), where a runs from 0 to 


Nj - 1: 


Z = 


exp 


d A x (£ qcd (^) - S a (x)q(x)\ a q(x ) - P a {x)q(x)i^\ a q(x)^j 


( 2 ) 


where the path integral is over fields that are (anti-)periodic in Euclidean time. Connected 
correlation functions of the quark bilinears can be expressed as derivatives of In Z[S a ,P a } 
with respect to the sources. For example, the correlator in the pion channel is 

5 2 \nZ[S ai P a \ 


(q(x)i^ b Tiq(x) <7(0)275X1 < 7 ( 0 )) = 


<JPi(x)5Pi( 0) 


( 3 ) 


phys 
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The subscript indicates that the sources are set to their physical values. If we omit the 
quark mass terms from £qcd then the derivatives of In Z[S a ,P a ] at S a — P a — 0 give the 
correlators in the chiral limit. Correlators in the case of explicit symmetry breaking can 
be obtained by setting the appropriate combinations of scalar sources to equal the current 
quark masses. 

For vanishing current quark masses chiral symmetry requires that In Z[S a , P a ] be invari¬ 
ant under SU(IV/) i xSU(IV/). R transformations. It can thus be expressed in terms of the 
group invariants. These are conveniently constructed from the following structures: 

Nj-l Nj-1 

s = £ (Sa + tPa)K and IT = £ ( S « - iP «) X a ( 4 ) 

a =0 a=0 

which transform respectively under the representations (Nf,Nf) and (. Nf,Nf ) of 
SU(N f ) L xSU(N f ) R : £ -> U l £U|j and £ f -»• U^U*. Under a U(1) A transformation £ 
transforms as £ —> e* e £, and under a parity operation, as £ — > £b 

As discussed in Ref. [[|, these singlets can be constructed in two distinct ways. One is 
to take equal numbers of £’s and £t’s, coupled up to a singlet. Examples are Tr (£{£ 2 ), 
Tr (£ 4 £ 2 £s£ 4 ), Tr (£{£ 2 )Tr (£^£ 4 ), etc. (where £,; = £(xj)). All of these are not only 
chiral invariants; they are obviously U(l)^-invariant as well. 

The only other way of obtaining a singlet is to couple Nf £’s or Nf £l’s together in an 
antisymmetric way. This produces two singlets: 

^£ijk...p£i'j'k'...p l (Hl)ii' (^2) jj' (^3) kk' ■ ■ ■ (HjV^)pp' ( 5 ) 

and the analogous expression with £ —> £b (All indices run from 1 to Nf.) (For identical 
£’s, these terms are just det £ and det £b) By parity, only the sum has a nonvanishing 
vacuum expectation value. Unlike the invariants constructed out of equal numbers of £’s 
and £t’s, this is not U(l) A -invariant. Further chiral singlet, U(1) A -violating terms may be 
obtained by coupling, for instance, Nf + 1 £’s and an £t, etc. 

Provided that the temperature considered is above the phase transition and so 
In Z[S a ,P a \ has an analytic dependence on the sources, we can express In Z[S a ,P a \ as a 
linear combination of SXJ(Nf) L xS\J(Nf) R invariants. Each term must have the form 
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( 6 ) 


I (1 'l 1 • • • d X m f (^1 • • ■ 3? m )/ m (x 1 . . . Xm) 

where I m is one of the invariants discussed above. The weighting function must be transla- 
tionally invariant and symmetric under interchange of the arguments Xi . Such a term then 
gives a contribution to the correlator (|3|) of the form g(x)(d 2 J m /dP 2 ) p h ys where g(x) is an 
invariant function and J m is the space-time-independent invariant obtained by setting all 
the of the sources in I m to constants. Of the J m , Nf + 1 are the independent invariants of 
SU (Nf) iXSU (Nf) R , conveniently taken as Tr[(5UE) n ], n < Nf, and (det £ + detXh), and 
all the others are powers and products of these. 

In the chiral limit, of course, all the sources S a and P a vanish. Thus only the mth order 
invariants contribute to the m-point correlators. Hence, as shown in Ref. 0, all m-point 
correlators for m < Nf are 11(1)^-invariant since the lowest U(l) j4 -violating invariant is the 
determinant term. However, by studying the actual forms of the invariants for a given Nf, 
one can make predictions about the quark-mass-dependence of correlators. Here we will be 
concerned with two-point correlators in the physically interesting case of three flavors, with 
m u and nid light (and taken to be equal), and m s not so light. Using the same notation as 
in Ref. [ 16 ] we can denote the scalar quark bilinears q(x)X a q(x) by ^ a (x), where a = 0 refers 
to the flavor singlet and a = 1, ... N 2 — 1 to the rest. Similarly we use 4> a (x) to denote 
the corresponding pseudoscalars. As a shorthand, we will use meson names for these quark 
bilinears: the pions and kaons, the scalar pions 5, (£1 ... £ 3 ), and scalar kaons k, (£4 ... £ 7 ), 
the non-strange and strange scalar singlets, a = (a/ 2 £o + £s)/n/ 3 and ( = (£0 — v^s)/\/3, 
and the pseudoscalars, rj n and g s , which are the corresponding combinations of </> 0 and </> 8 . 
Of course the last four need not be mass eigenstates and there need not be bound states in 
any channel. There are nonvanishing vacuum expectation values for a and ( for which the 
sources are just rn u and m s . We can then make the following observations. 

First, as SU(2) z ,xSU(2) fl is a subgroup of SU(3) i xSU(3) J? , if we restrict ourselves to 
the sources for the non-strange bilinears and ( (which is U(2) i xU(2) H -invariant), the three- 
flavor invariants can be written in terms of the two-flavor invariants and (. Thus if two 
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correlators are equal in the Nf = 2 chiral limit, their difference is only of order with 
realistic masses. 

Second, for any source except for those for a and (, the first derivative of an irreducible 
invariant with respect to that source vanishes by conservation of flavor quantum numbers and 
parity when the physical values of the sources are substituted. Thus the second derivative of 
a product of irreducible invariants vanishes unless both derivatives act on the same factor. 
The only group structures which arise in the differences between two-point correlators of 
these bilinears are those which come from the four irreducible invariants, and all higher 
terms simply alter the invariant coefficients. By explicit calculation, differences between 
correlators can be found which are of order 7n^ and therefore small even if m s is large. 
Others can be found which will be of order m s if the anomaly persists, but m ^ otherwise. 
These are therefore sensitive tests of U(1) A restoration. Denoting the correlator in (|3]) as 10 
and others accordingly, and with 7 representing the strength of the anomaly, the relations 
are 

n^=n CT + o(ml) 
n5=n^ + o(m 2 u ) 
i(n jr + n lc )=n „ + oK) 

fljr = T 0 ( 7777 , 5 ) + 0 (m 2 u ) 

U, n = U Vs + 0 ^m s )+ 0 (m 2 s ) (7) 

In addition the mixed r] n r] s correlator is of order 7777 ^, so even if the anomaly persists 
the mixing is small. (This contrasts with the low-temperature situation where the mass 
eigenstates are close to r] 0 and r/ 8 .) 

The difference between the correlators in the pion and 5 (scalar pion) channels is widely 
used to study U(1) A violation in two-flavor QCD (9— p~2[] since both correlators can be de¬ 
termined from lattice calculations without need for quark-line disconnected pieces. In the 
three-flavor case we find that the leading term in the difference between these correlators 
is of order m s times a three-point U(1) A -violating correlator. Corrections to this are of or- 
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der m 2 . Hence due to SU(2)xSU(2) symmetry the tt — 5 difference remains a good test of 
whether U(1) A violation persists at high temperatures. 

There has also been recent interest in the behavior of the SU(2) singlet pseudoscalars (r/ 
and ?/) at high temperatures [|K|,|T4|,]7[] . However the correlators in both of these channels 
require quark-line disconnected pieces. We find that the non-strange and strange jfs de¬ 
couple, as noted by Schaefer in the instanton-liquid model |7j]. Moreover the correlator for 
the non-strange ij is the same as that for the 5 while that for the strange 7] is equal to the 
average of the kaon and k (scalar kaon) correlators. Corrections to these relations are also 
of order They provide a way to determine the correlators in the r] channels without the 
need to evaluate disconnected pieces. 

Finally, the leading term in the difference between the strange and non-strange r )'s is of 
order m s times an anomalous three-point correlator, with corrections of order m 2 . If the 
effect of the anomaly has the same sign above the transition temperature as below, the first 
term has a sign corresponding to a larger screening mass in the non-strange channel. This 
rather surprising result was first noted by Schaefer [ 7 ]. However the size of the corrections 
means that for this effect to be visible the nonperturbative effects of the anomaly are likely 
to have to survive well above the crossover region. 

This work was supported in part by the US Department of Energy under grant no. DE- 
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